We discuss quantum deformations of Jordanian type for Lie superalgebras. These deformations are described by twisting functions with support from Borel subalgebras and they are multiparameter in the general case. The total twists are presented in explicit form for the Lie superalgebras sl(m|n) and osp(1|2n). We show also that the classical r-matrix for a light-cone deformation of D = 4 super-Poincare algebra is of Jordanian type and a corresponding twist is given in explicit form.
Introduction
The Drinfeld's quantum group theory roughly includes two classes of Hopf algebras: quasitriangular and triangular. The (standard) q-deformation of simple Lie algebras belongs to the first class. The simplest example of the triangular (non-standard) deformation is the Jordanian deformation of sl (2) . In the case of simple Lie algebras of rank ≥ 2 some non-standard deformations were constructed by Kulish, Lyakhovsky et al. [1] - [4] . These deformations are described by twisting functions (which are extensions of the Jordanian twist) with support from Borel subalgebras, and they are multiparameter in the general case. We call their as the deformations of Jordanian type. Total twists of Jordanian type were constructed for all complex Lie algebras of the classical series A n , B n , C n and D n .
In this paper we discuss quantum deformations of Jordanian type for Lie superalgebras. The total twists are presented in explicit form for the Lie superalgebras sl(m|n) and osp(1|2n). We show also that the classical r-matrix for a light-cone deformation of D = 4 super-Poincare algebra is of Jordanian type and a corresponding twist is given in explicit form.
Classical r-matrices of Jordanian type
Let g be any finite-dimensional complex simple Lie superalgebra then g = n − ⊕ h ⊕ n + , where n ± are maximal nilpotent subalgebras and h is a Cartan subalgebra. The subalgebra n + (n − ) is generated by the positive (negative) root vectors e β (e −β ) for all β ∈ △ + (g). The symbol b + will denote the Borel subalgebra of g, b + := h ⊕ n + . Let θ be a maximal root of g, and let a Cartan element h θ ∈ h and a root vector e θ ∈ n + satisfies the relation
The elements h θ and e θ are homogeneous, i.e.
Moreover, let homogeneous elements e ±i indexed by the symbols i and −i, (i = 1, 2, . . . , N), satisfy the relations
provided that deg(e θ ) = deg(e i ) + deg(e −i ) (mod 2).
For the Lie superalgebra g the brackets [·, ·] always denote the super-commutator:
for any homogeneous elements x and y. Consider the even skew-symmetric two-tensor
where
and we assume that the operation " ∧ " in (6) is graded:
It is not hard to check that the element (6) 
and it is called the extended Jordanian r-matrix of N-order. Let N be maximal order, i.e. we assume that another elements e ±j ∈ n + , j > N, which satisfy the relations (3), do not exist. Such element (6) is called the extended Jordanian r-matrix of maximal order [5] . Consider a maximal subalgebra b ′ + ∈ b + which co-commutes with the maximal extended Jordanian r-matrix (6), b
+ is also a extended Jordanian r-matrix of the form (5) with a maximal root θ 1 ∈ h ′ and maximal order N 1 . Then the sum
is also a classical r-matrix. Further, we consider a maximal subalgebra b
+ which co-commutes with the maximal extended Jordanian r-matrix r θ 1 ,N 1 (ξ 1 ) and we construct a extended Jordanian r-matrix of maximal order, r θ 2 ,N 2 (ξ 2 ). Continuing this process as result we obtain a canonical chain of subalgebras
and the resulting r-matrix
If the chain (12) is maximal, i.e. it is constructed in corresponding with the maximal orders N, N 1 , . . . N k , then the r-matrix (13) is called the maximal classical r-matrix of Jordanian type for the Lie superalgebra g.
Multiparameter twists of Jordanian type
The twisting two-tensor F θ,N (ξ) corresponding to the r-matrix (6) has the form
where the two-tensor F J is the Jordanian twist and F N is extension of the Jordanian twist (see [5] ). These two-tensors are given by the formulas
if θ/2 is a root, e 2 θ/2 = e θ , N ′ = N − 1, and
if θ/2 is not any root,
It should be noted that if the root vector e θ is odd then σ θ = 1 2 ξe θ . We can check that the twisting two-tensor (14) defined by the formulas (15)-(20) satisfies the cocycle equation
and the "unital" normalization condition
The twisted coproduct
θ,N (ξ) and the corresponding antipode S ξ for elements in (3) are given by the formulas
If θ/2 is not any root, the third term in (24) and the second term in (28) should be removed.
The twisted deformation of U(g) with the new coproduct ∆ ξ ( · ) and the antipode S ξ is denoted by U ξ (g).
In order to construct the twist corresponding to the r-matrix (9) we can not apply the second twist F θ 1 ,N 1 (ξ 1 ) directly in the form (14)-(17) to the twisted superalgebra U ξ (g) because the deformed coproduct for the elements of subalgebra b ′ + can be not trivial, i.e.
However, there exists a similarity automorphism w ξ which trivializes (makes trivial) the twisted coproduct ∆ ξ ( · ) for elements of the subalgebra b ′ + , i.e.
The automorphism w ξ is connected with the Hopf "folding" of the two-tensor (16) and it is given by the following formula (see [5] ):
where w s = exp(
σ θ ) if θ/2 is a root, and w s = 1 if θ/2 is not any root. With the help of the automorphism w ξ the total twist chain corresponding to the r-matrix (11) can be presented as follows
Here the two-tensors F θ,N (ξ) and F θ 1 ,N 1 (ξ 1 ) are given by the formulas of type (14)- (18). Iterating the formula (34) we obtain the total twist corresponding to the r-matrix (13):
where (i = 1, . . . , k)
Now we consider specifically the multiparameter twists for the classical superalgebras gl(m|n) and osp(1|2n).
Quantum deformation of Jordanian type for gl(m|n)
Let e ij (i, j = 1, 2, . . . , m+n) be standard (n+m)×(n+m)-matrices, where (e ij ) kl = δ ik δ jl . For such matrices we define a supercommutator as follows [e ij , e kl ] := e ij e kl − (−1)
deg(e ij ) deg(e kl ) e kl e ij ,
where deg(e ij ) = 0 for i, j ≤ n or i, j > n, and deg(e ij ) = 0 in another cases. It is easy to check that [e ij , e kl ] = δ jk e il − (−1)
The elements e ij (i, j = 1, 2, . . . , N := m + n) with the relations (38) are generated the Lie superalgebra gl(m|n).
The maximal r-matrix of Jordanian type for the Lie superalgebra gl(m|n) has the form [5] r 1,.
Consider the first twist corresponding to the r-matrix r 1 (ξ 1 )
The corresponding automorphism w ξ is connected with the Hopf "folding" of the twotensor (43) and is given as follows
It is easy to see that
for all i, j satisfying the condition 2 ≤ i, j ≤ N − 2, therefore (see the formula (31)) deformed coproducts ∆ ξ 1 (
1,N −2 (ξ 1 ) for these elements are trivial:
This means that the automorphism w ξ 1 in the formula (34) for the case gl(m|n) acts trivially and therefore the total twist corresponding to the r-matrix (39) is given as follows
5 Quantum deformation of Jordanian type for osp(1|2n)
In order to obtain compact formulas describing the commutation relations for generators of the orthosymplectic superalgebra C(n) ≃ osp(1|2n) we use embedding of this superalgebra in the general linear superalgebra gl(1|2n). Let a ij (i, j = 0, ±1, ±2, . . . , ±n) be a standard basis of the superalgebra gl(1|2n) (see the previous Section 4) with the standard supercommutation relations
where deg(e ij ) = 1 when one index i or j is equal to 0 and another takes any value ±1, . . . , ±n; deg(e ij ) = 0 in the remaining cases. The superalgebra osp(1|2n) is embedded in gl(1|2n) as a linear envelope of the following generators: (i) the even (boson) generators spanning the symplectic algebra sp(2n):
(ii) the odd (fermion) generators extending sp(2n) to osp(1|2n):
We also set e 00 = 0 and introduce the sign function: sign x = 1 if a real number x ≥ 0 and sign x = −1 if x < 0. One can check that the elements (51) and (52) satisfy the following relations:
[e ij , e 0k ] = δ j−k sign(k) e i0 − δ i−k e 0j ,
for all i, j, k, l = ±1, ±2, . . . , ±n, where the bracket {·, ·} means anti-commutator. The elements e ij (i, j = 0, ±1, ±2) are not linearly independent (we have for example, e 1−2 = −e −21 ) and we can choose from them the Cartan-Weyl basis as follows rising generators : e i±j , e kk , e 0k (1
lowering generators :
Cartan generators :
Maximal classical r-matrix of Jordanian type for the Lie superalgebra osp(1|2n) has the form [5] 
The total twist corresponding to the r-matrix (59) is given as follows
Here (i = 1, . . . , k)
e i−k ⊗ e k,n+1−i e −2σ i F s (σ i ) e e i−i ⊗σ i ,
where F s (σ i ) is defined by the formula (17), and
e i−k e k,n+1−i , σ i := 1 2 ln(1 + ξ 1 e i−i ).
6 Light-cone κ-deformation of the super-Poincaré algebra P(3, 1|1)
is a classical r-matrix of Jordanian type. It is called the classical r-matrix for light-cone κ-deformation of D = 4 super-Poincaré. Specializing the general formula (16) to our case P(3, 1|1) we immediately obtain the twisting two-tensor corresponding to this r-matrix F κ (P(3, 1|1) := F κ (Q 2 )F κ (Q 1 )F κ (P (3, 1) ) ,
where F κ (P (3, 1) ) is the twisting two-tensor of the light-cone κ-deformation of the Poincaré algebra P(3, 1) 
The formulas (69)-(72) were obtained by a suitable contraction of the quantum deformation of Jordanian type [6] .
